While the observation of magnetic monopoles has defied all experimental attempts in highenergy physics and astrophysics, sound theoretical approaches predict they should exist, and they have indeed been observed as quasiparticle excitations in certain condensed-matter systems. This indicates that, even though they are not ubiquitous contrary to electrons, it is possible to get them as excitations above a ground state. In this report, we show that phonons or lattice shear strain generate topological monopoles in some low-dimensional quantum antiferromagnets. For the Heisenberg ladder, phonons are found to generate topological monopoles with nonzero density due to quantum spin fluctuations. For the four-leg Heisenberg tube, longitudinal shear stress generates topological monopoles with density proportional to the strain deformation. The present theory is based on mapping the spin degrees of freedom onto spinless fermions using the generalized JordanWigner transformation in dimensions higher than one. The effective magnetic field generated by the motion of the spinless fermions has non-zero divergence when phonons or shear stress are present. A possible system where the present kind of monopoles could be observed is BiCu 2 PO 6 .
Spin excitations can be treated as either fermions or hard-core bosons. Excitations in an ordered antiferromagnet are known to be magnons, which are well described by hardcore bosons within the spin-wave theory. In the latter, spin operators are mapped onto constrained bosonic operators. Also, triplons in disordered dimerized systems can be described using boson operators.
8 Recently, Ollikainen et al. 9 reported on the experimental realization of a Dirac monopole as a result of the decay of an isolated monopole in a spin-1
Bose-Einstein condensate. The scenario of finding magnetic monopoles as excitations above a given ground-state manifold was proposed to occur in spin-ice materials by Castelnovo, 12 reported the presence of Dirac strings (monopoles) in the spin-ice material Dy 2 Ti 2 O 7 using diffuse neutron scattering. They also found that a gas of magnetic monopoles interacting according to Coulomb's law is able to account for the heat capacity of this magnetic ice material.
It is also well known that spin-1/2 operators, and by the same token spin excitations, can be mapped onto spinless fermions using the Jordan-Wigner (JW) transformation in one dimension and its generalized analogs in higher dimensions. 13, 14 In this report, we address the issue of whether topological monopoles occur or not in spin-1/2 quantum antiferromagnets.
The spin-1/2 Heisenberg model in dimensions higher than one transforms onto a system of interacting JW spinless fermions coupled to gauge fields generated by these fermions themselves. These gauge fields create effective magnetic fields. We report on the conditions under which these effective magnetic fields are caused by topological "magnetic" monopoles.
We studied two simple lattices; namely, the Heisenberg two-leg ladder made of two coupled chains, and the Heisenberg tube made of four coupled chains. We found that topological monopoles occur in the two-leg ladder in the presence of transverse phonons, and longitudinal shear stress generates them in the Heisenberg tube. It is also interesting to note that quantum spin fluctuations are needed for the topological charges in the two-leg ladder, but these charges can exist in the Heisenberg tube under longitudinal stress even if long-range antiferromagnetic order sets in. In both cases, the effective magnetic field has nonzero divergence, implying the occurrence of a nonzero density of topological (magnetic) charges. We predict that any magnetic frustration resulting from the geometry of chemical bonds should also generate nonzero densities of monopoles in materials which can be modeled by coupled ladders. While the present finding would not necessary imply the existence of real magnetic monopoles, the mechanism (phonons and shear stress) leading to the present topological monopoles could suggest a mechanism for the generation of real magnetic monopoles in the universe; we speculate that real magnetic monopoles in the universe can be brought into evidence by gravitational waves or spacetime deformations. This could present an alternative explanation, which is not based on the Dynamo Theory, for the origin of the anomalously long-lived magnetic fields in astrophysical bodies.
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This paper is organized as follows. In Sec. II, we show that topological monopoles can be generated in the two-leg Heisenberg ladder when coupled to transverse phonons. For the four-leg Heisenberg tube, considered in Sec. III, magnetic monopoles are shown to exist as a consequence of longitudinal shear stress. Conclusions are drawn in Sec. IV.
FIG. 1:
The two-leg ladder lattice is shown.
II. TWO-LEG LADDERS
A. The Heisenberg two-leg ladder
To highlight the importance of geometry and dimensionality for the existence of topological monopoles in quantum antiferromagnets, we begin our investigation with the simplest lattice geometry where magnetic flux can occur, namely the Heisenberg ladder. We show that monopoles can be generated for this lattice in presence of transverse phonons. The
Hamiltonian for the ladder antiferromagnet, Fig. (1) , reads as
where J and J ⊥ are positive coupling constants along the chains and rungs, respectively.
The chains are labeled by the index j = 1, 2, and the sites along each chain by the label i, which runs over the N sites of each chain. The generalized JW transformation 13, 16 for the ladder
; j = 1, 2, and i = 0, 1, ..., N − 1
JW fermions are confined to move only within the ladder, the only nonzero component of the magnetic field is B z ; note that the z-axis is chosen to be perpendicular to the ladder. The partial derivatives in the curl are finite differences because the smallest plaquettes around which the JW fermions move are made of primitive unit square cells, and it is therefore meaningless to consider the continuum limit in this lattice model. Inspection of Eqs. (4) tells us that the only nonzero component of the gauge field is the component A x along x-axis, which assumes the values A i,1 and A i,2 on chains 1 and 2 of the ladder, respectively. This implies that A x has only a dependence along the y direction. The components of A along y and z directions are identically zero. In this context, the curl of A yields
a result which is derived assuming that the lattice parameter a is unity (a = 1), and using finite difference for the partial derivative.
Alternatively, one can derive the expression of B in (5) using the magnetic flux through an elementary plaquette of the ladder, consisting of a single unit square cell. This flux is
given by the phase difference as we go once around this elementary plaquette, which has area a 2 . Using (4) one finds Φ = π(n i+1,2 − n i,1 ) for this flux. Writing Φ = p B · ds, and replacing the integral by B z a 2 yields the same result for B z as in (5). p means the integration is carried over the surface area of a single plaquette, and ds designates an element of this area, with direction perpendicular to the plaquette.
The effective magnetic field in Eq. (5) does not have the dimension of true magnetic fields because the JW fermions, which generate it when orbiting around unit plaquettes, do not carry an electric charge. Any magnetic charge found here is thus only a topological charge.
After we've defined the magnetic field in which the JW fermions move on the ladder, it is legitimate to ask whether this magnetic field is caused by some kind of topological monopoles or not. To check this, we calculate the divergence of B, which gives ∇·B = ∂ z B z = 0 because there is no z dependence in B and the x and y-components are zero. This shows that the topological charge density is zero implying the absence of any topological monopoles in the Heisenberg ladder. This result concerns a plane Heisenberg ladder. Consider now a
Heisenberg ladder in the presence of transverse phonons. The case of such phonons with wavevector q x = π is shown in Fig. 2 in order to illustrate the appearance of the additional component B ix at site i. The transverse displacement causes a staggered inclination of the plaquettes by angle θ. The magnetic field, which is perpendicular to the plaquette at any site and any time, is also inclined by the same angle with respect to the z axis. The xcomponent B ix that has an x dependence will give a nonzero contribution to the divergence of the magnetic field. For a finite inclination θ, the magnetic field is indeed Given that there is still no z-dependence, the divergence of B i yields
If we assume that a real two-leg system is characterized by long-range antiferromangetic order (we also assume that inter-ladder couplings are negligible in the calculation of the above magnetic field), and replace the number operators by their thermal averages, then the divergence vanishes. Quantum fluctuations caused by spin flips, which give rise to spin waves, will create however nonzero density of topological monopoles. The density of monopoles in this case will also have space and time dependence because of the dynamics of the transverse phonons. To summarize this part of the present report, we conclude that two ingredients are needed for the creation of topological monopoles in the two-leg Heisenberg antiferromagnet: the first is the coupling to transverse phonons and the second is the quantum spin fluctuations that yield spin waves.
III. THE HEISENBERG RECTANGULAR TUBE
A. Tube without shear strain
As mentioned earlier, the divergence of the effective magnetic field for the plane Heisenberg ladder is zero because of the lack of any z dependence in this magnetic field. We saw that coupling to transverse phonons and spin waves combine to generate a nonzero density of topological monopoles. We also found that coupling two ladders to form a four-leg Heisenberg tube presents a field with nonzero divergence; so topological monopoles. The legs of the tube are labeled 1, 2, 3, and 4, and sites on each leg are labeled with index i, Fig. 3 . The Heisenberg Hamiltonian in this case assumes the form
where j = 1, 2, 3, 4 is the chain label, and i is the site index on each chain. The generalized JW transformation for this system is found by adapting the three-dimensional JW transformation of Ref. 14:
Note that these phases are required for the preservation of the spin operators' commutation relations. Using (9), the Hamiltonian (8) takes on the expression
with
In (10), H Ising designates the z-z Ising interaction, which is phase free. Next, we calculate the phase difference for JW fermions moving around elementary plaquettes that are perpendicular to the x, y, or z directions. Equating these phase differences to the flux of the effective magnetic field B that the motion of the spinless fermions causes, one finds the following for the x, y, and z components of B i at position i:
The index i in B i is now the label for the whole unit cell between i and i+1 in the tube. This means that B i has no dependence on the chain labels. Note that in deriving the expressions (12) for the magnetic field, the lattice parameter is set to be 1 in the flux Φ = B·ds, where ds is an element of surface area. The divergence of this magnetic field vanishes. Indeed,
To get (13) , the divergence' terms were calculated as finite differences; i.e., along the x
Along the y axis, there are only two contributions to the magnetic field, which are π(n i,1 − n i+1,2 ) for the elementary plaquette delimited by chains 1 and 2, and π(n i,4 − n i+1,3 ) for the plaquette delimited by chains 4 and 3. So, the component of the divergence along this direction is simply the difference between these two terms divided by the lattice parameter a = 1:
. Similarly, the partial derivative with respect to z is
B. The Heisenberg tube with shear strain
The result ∇ · B = 0 in (13) implies that the density of topological monopoles is zero in the Heisenberg tube. An important observation in Eq. (13) is that the vanishing of the divergence of B does not occur because of the vanishing of the contribution from each term ∂ α B α , with α = x, y, z. It rather occurs because of cancellations between terms contributed by derivatives along different directions. Let us consider a situation where one of the elementary plaquettes is not perpendicular to at least one of the other two plaquettes.
Then the magnetic field perpendicular to that plaquette will have two projections on two of the three axes of the reference frame. The divergence will depend on the angle between the normal to this plaquette and one of the axes of the reference frame.
We assume that due to some shear force the two upper chains (1 and The components of the magnetic field at site i (distance ia along the tube) are
Notice that if θ → 0, Eqs. (14) reduce to (12) in the absence of shear force. For a nonzero small θ, we write cos θ ≈ 1 − θ 2 /2, and sin θ ≈ θ ≈ u/a. In this case, Eqs. (14) may be written as
To second-order in displacement, the divergence of the magnetic field at distance ia along the tube is nonzero, and reads as
In deriving (16), we used for differentiation with respect to z the finite differences (n i,1 − n i,2 )/a = n i,1 − n i,2 and (n i,4 − n i,3 )/a = n i,4 − n i,3 , and for differentiation with respect to x the finite differences (n i+1,2 − n i,2 )/a = n i+1,2 − n i,2 and (n i+1,4 − n i,4 )/a = n i+1,4 − n i,4 , where a is the lattice parameter assumed to be the same in all three directions, and set equal to 1.
It is enlightening to find that the topological monopoles proposed to occur here are a consequence of some sort of magnetic frustration (induced by the shear force). Frustration is also a key element in the occurrence of magnetic monopoles is spin ice materials which crystallize in the the highly frustrated pyrochlore lattice.
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Next, suppose that a three-dimensional material is made of weakly coupled Heisenberg 
Eq. (17) implies that the Heisenberg tube is made of a succession of adjacent magnetic monopoles of opposite charges. For constant magnetization m and uniform displacement u, the magnetic monopoles give rise to a magnetic field that satisfies Coulomb's law, with a staggered density of monopoles. In the absence of shear displacement; i.e. u = 0, or AF order; i.e. m = 0, this density vanishes leading to the disappearance of monopoles.
IV. CONCLUSIONS
In summary, we show that topological monopoles may occur in quantum antiferromagnets. We examined the Heisenberg two-leg ladder and four-leg tube. We found that spin fluctuations (spin waves) and coupling to transverse phonons are required for the realization of such monopoles in the two-leg ladder. For the four-leg tube, longitudinal shear deformation is required for their establishment. The JW transformation is used to map the spin degrees of freedom in these antiferromagnets onto spinless fermions. The Heisenberg Hamiltonian transforms onto the Hamiltonian of interacting fermions moving in a vector field.
The divergence of the effective magnetic field is non zero when transverse phonons are taken into account for the ladder, and a longitudinal shear deformation is considered along the tube. The case of a three-dimensional system of weakly coupled tubes with antiferromagnetic order is considered to illustrate the production of a finite staggered density of magnetic monopoles along each of the tubes. We propose that a possible material where the present monopoles can be produced is BiCu 2 PO 6 .
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The magnetic monopoles encountered here do not require Dirac strings, and are thus potential candidates for fundamental magnetic monopoles. This scenario is appealing because it does not exclude the idea that magnetic monopoles are somewhere in the universe, perhaps even everywhere around us, but in order to observe them, they have to be excited out of their ground state. In spin antiferromagnets, magnetic frustration or shear stress is able to generate monopoles, but in the universe, we speculate that space-time gravityinduced deformations resulting from the motion and collisions of large astronomical objects could lead to the generation of magnetic monopoles that are responsible for the observed large-scale galactic and intergalactic magnetic fields. 15 The results of this work could also perhaps shed some light on the mechanism generating the monopoles in spin ice materials, which are characterized by strong magnetic frustration.
